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Properties “behind” the SM: 

Gauge theory 

Higgs mechanism 

Chiral matters 

Three generations of fermions 

Yukawa couplings 

The SM & flux compactification

…
…



Usually, to lead to these properties,  
flux compactification plays important roles.
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As effective theory of strings

our 4Dour 4D Intersecting branes

Magnetized branes

T-dual

Gauge bosons
γ, W, Z, g

Matters
Q, L, H

c.f., [Ibanez, Uranga ’12]

Higher dimensional gauge theory with flux bg. can appear 
as effective theories of superstring theory, e.g.,

Gauge theory on S2, T2, T2/Z2, …

Low energy

Torus T2
Sphere S2



We review 6D U(1) gauge theory with flux bg. 

Extracting 2D as torus → 2D QM 

Flux:                              is given by extra components of 
vector potential:                    &            . 

Analogy to harmonic oscillation:

Harmonic oscillation in QM

f

y5 ~ y5+1
y6 ~ y6+1
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<latexit sha1_base64="vKPccTMKUiAZZGmLvo8kyA/NJF8="></latexit><latexit sha1_base64="WXj7FFbwh8IMKJ5uTaB2z02nWKM="></latexit><latexit sha1_base64="WXj7FFbwh8IMKJ5uTaB2z02nWKM="></latexit><latexit sha1_base64="COPiQohQy9A2tD40DeFVPCN5HyA="></latexit>

f
<latexit sha1_base64="LILzylOaWLZ43Q4mAmem09EKWmU="></latexit><latexit sha1_base64="SUdZkSJ6EVcooAUMVumJW+3+ABQ="></latexit><latexit sha1_base64="SUdZkSJ6EVcooAUMVumJW+3+ABQ="></latexit><latexit sha1_base64="Tjk1IbYVk+R0mXsT7pTOKvTqKgA="></latexit>

A5 =° y6
<latexit sha1_base64="M3DMc8LSRflCDj5pKcFhZ0L2Ayw="></latexit><latexit sha1_base64="zyAs0ZE59a2SBrmZkgPea/olrOE="></latexit><latexit sha1_base64="zyAs0ZE59a2SBrmZkgPea/olrOE="></latexit><latexit sha1_base64="B42st6aZtgGOoovubGtP1GSJv3Q="></latexit>

f
<latexit sha1_base64="LILzylOaWLZ43Q4mAmem09EKWmU="></latexit><latexit sha1_base64="SUdZkSJ6EVcooAUMVumJW+3+ABQ="></latexit><latexit sha1_base64="SUdZkSJ6EVcooAUMVumJW+3+ABQ="></latexit><latexit sha1_base64="Tjk1IbYVk+R0mXsT7pTOKvTqKgA="></latexit>

A6 = 0
<latexit sha1_base64="NWZw6i+sv+qyTRjFv0oSnxOMPLc="></latexit><latexit sha1_base64="vE+cLk2gTDAdYmrF9llupDriLhI="></latexit><latexit sha1_base64="vE+cLk2gTDAdYmrF9llupDriLhI="></latexit><latexit sha1_base64="p1Emb8GSvHyzCk6RK1oizFuxqs8="></latexit>

H = 1
2m

£
(P5 + f y6)2 +P

2
6
§

<latexit sha1_base64="Fbi5gQj08uRounrF4SnbhbDmwE0="></latexit><latexit sha1_base64="Fbi5gQj08uRounrF4SnbhbDmwE0="></latexit><latexit sha1_base64="Fbi5gQj08uRounrF4SnbhbDmwE0="></latexit><latexit sha1_base64="Fbi5gQj08uRounrF4SnbhbDmwE0="></latexit>

Torus T2



We review 6D U(1) gauge theory with flux bg. 

Extracting 2D as torus → 2D QM 

Flux:                              is given by extra components of 
vector potential:                    &            . 

Analogy to harmonic oscillation:

Harmonic oscillation in QM

f

y5 ~ y5+1
y6 ~ y6+1

hF56i= 2ºM ¥
<latexit sha1_base64="vKPccTMKUiAZZGmLvo8kyA/NJF8="></latexit><latexit sha1_base64="WXj7FFbwh8IMKJ5uTaB2z02nWKM="></latexit><latexit sha1_base64="WXj7FFbwh8IMKJ5uTaB2z02nWKM="></latexit><latexit sha1_base64="COPiQohQy9A2tD40DeFVPCN5HyA="></latexit>

f
<latexit sha1_base64="LILzylOaWLZ43Q4mAmem09EKWmU="></latexit><latexit sha1_base64="SUdZkSJ6EVcooAUMVumJW+3+ABQ="></latexit><latexit sha1_base64="SUdZkSJ6EVcooAUMVumJW+3+ABQ="></latexit><latexit sha1_base64="Tjk1IbYVk+R0mXsT7pTOKvTqKgA="></latexit>

A5 =° y6
<latexit sha1_base64="M3DMc8LSRflCDj5pKcFhZ0L2Ayw="></latexit><latexit sha1_base64="zyAs0ZE59a2SBrmZkgPea/olrOE="></latexit><latexit sha1_base64="zyAs0ZE59a2SBrmZkgPea/olrOE="></latexit><latexit sha1_base64="B42st6aZtgGOoovubGtP1GSJv3Q="></latexit>

f
<latexit sha1_base64="LILzylOaWLZ43Q4mAmem09EKWmU="></latexit><latexit sha1_base64="SUdZkSJ6EVcooAUMVumJW+3+ABQ="></latexit><latexit sha1_base64="SUdZkSJ6EVcooAUMVumJW+3+ABQ="></latexit><latexit sha1_base64="Tjk1IbYVk+R0mXsT7pTOKvTqKgA="></latexit>

A6 = 0
<latexit sha1_base64="NWZw6i+sv+qyTRjFv0oSnxOMPLc="></latexit><latexit sha1_base64="vE+cLk2gTDAdYmrF9llupDriLhI="></latexit><latexit sha1_base64="vE+cLk2gTDAdYmrF9llupDriLhI="></latexit><latexit sha1_base64="p1Emb8GSvHyzCk6RK1oizFuxqs8="></latexit>

H = 1
2m

£
(P5 + f y6)2 +P

2
6
§

<latexit sha1_base64="Fbi5gQj08uRounrF4SnbhbDmwE0="></latexit><latexit sha1_base64="Fbi5gQj08uRounrF4SnbhbDmwE0="></latexit><latexit sha1_base64="Fbi5gQj08uRounrF4SnbhbDmwE0="></latexit><latexit sha1_base64="Fbi5gQj08uRounrF4SnbhbDmwE0="></latexit>

KK momenta = Landau levels.

w/ shifted position by j/M
… simultaneously 

diagonalizable for j = 0, 1, …, M—1
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KK mass spectrum: 

KK modes (zero modes):

Kaluza-Klein decomposition

m2
n = 4ºM

A
n
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[Cremades, Ibanez, Uranga ’04]

j=0

M = 3 → ψ0, ψ1, ψ2

family ←

       

(e.g., by embedding our setup into 10D SYM or so)

Gaussian
√

j
0
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analogous to
H ~ hωc(n + 1/2)
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We assume SUSY and “1/2”-term vanishes in scalars.

Torus T2

j = 0,1, ..., M °1
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SUSY Higgs potential: μ-term is 

To realize radiative EW symmetry breaking at ~ 100 GeV,   
we need a small value of μ, e.g., ~ 103 GeV (= 1 TeV).

The μ-problem in the MSSM

W =µHu Hd
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mass dimension +1

(as well as soft terms. In this talk, we just focus on μ-term.)
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103 GeV~1016

pics from [Ibanez, Uranga ‘12]
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Why so smaller than Munif or MP?
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We put 6D μ-term:
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dimensional 
reduction:

effective μ-term in 4D
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                    Orbifold T2/Z2
Effective μ-parameter: 

D.o.f.’s: M & position of fixed points ζ

Numerical analysis
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M=1 (even), z=z3

M=3 (odd), z=z4
As sample,

MC ~ 1/√A ~ 1016 GeV 

Setup I: M = 1, ζ = z3

Setup II: M = 3, ζ= z4

We need specific setups, but this is 
an interesting mechanism to lead to hierarchy.

µeff ª MC exp(°c Imø) GeV
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“c” depends on setups



Unfortunately, the setup tends to generate multiple Higgs 
doublets, if the Higgs field is charged under U(1). 

What’s happen in cases with multiple Higgs pairs? 

μeff: light & μ2: heavy eigenvalues of 2-by-2 μ-matrix 

…even if we set μ-matrix ~ MC ~1016 GeV

How about multiple Higgses?
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ª 1016e°c Imø GeV
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Imø=O (10)
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So far, we focus only on massless modes. But, there are 
many massive KK modes. Corrections from them? 

KK tower should be truncated at some KK level                  . 

We call its scale cutoff scale                                                  .

Momentum truncation

§¥ mNmax
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n = Nmax
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(a) (b)

Figure 4: The Nmax-dependences of the lowest three eigenvalues µi (i = 1, 2, 3) of the
regularized mass matrix (5.2) within n,m, n′,m′ ≤ Nmax. We set Mc = 1016 GeV and
the other parameters are chosen as (a) (M, η) = (2,+1) in Case 5 with Im τ = 10
and (ν1, ν2) = (1,−0.5)M−1

c , and (b) (M, η) = (4,+1) in Case 15 with Im τ = 20 and
(ν1, ν2, ν3, ν4) = (1,−0.5,−0.5, 1)M−1

c . In the light green region, the eigenvalues reside in
between 1 TeV and 103 TeV. Note that we set Re τ = 0 for simplicity.

where µ(m=0,I),(n=0,J)
eff = µIJ

eff corresponds to the µ-matrix for zero-modes shown in Eq. (3.3).
Notice that the full matrix (5.2) has the same feature as the zero-mode one (3.3), that is,
they are not full-rank matrices for nh < nν , and hence the massless eigenstates appear in
this case. We analyze the effects of KK excitations on the lowest eigenstates (especially the
eigenvalues) of the mass matrix (5.2) based on similar analyses performed in Ref. [26]. By
identifying a cut-off scale as Λ ≃ mn=Nmax , the matrix (5.2) is regularized to be a finite one
within n,m, n′,m′ ≤ Nmax. By diagonalizing the finite matrix numerically, we can derive the
Nmax-dependences of the eigenvalues, those are shown in Fig. 4 for typical parameter choices.
From this figure, we confirm that the effects of KK excitations on the lowest eigenvalue are
negligible independently on the cut-off scale Λ, which justifies the validity of arguments in
the previous sections.

6 Conclusion

We have shown in this paper how the µ-terms localized at the fixed points affect the degener-
ated KK zero-modes of Higgs pairs (Hu, Hd) in magnetized orbifold models on T 2/Z2, where
the degeneracy nh is determined by the magnetic fluxes M they feel as well as their orbifold
parity η. By diagonalizing the µ-matrix µIJ

eff in the 4D effective theory, we find that the rank
of the mass matrix for Higgs zero-modes is raised by the number of fixed points nν ≤ 4 where
nonvanishing µ-terms νk ̸= 0 are localized, hence n0 = max (nh−nν , 0) pairs remain massless
as a result.

For nh ≤ nν , all the Higgs zero-modes become massive due to the localized µ-terms.
Then, we find one of the eigenvalues of µIJ

eff tends to be hierarchically small compared with
the others if the imaginary part of the complex structure of T 2 is mildly large, due to a
Gaussian structure of wavefunctions. The result suggests that the MSSM-like models with

17

two pairs 
of MSSM Higgs:

Setup: 
M = 2, Z2 parity = +1

Effective μ-parameter is independent on “cutoff”.

(=
p

4ºM Nmax/A )
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Flux compactification plays important roles in the context 
of extra dim QFT & string phenomenology & cosmology. 

Chiral matters, their families, … 

We have investigated effects of localized μ-terms on T2/Z2 
fixed points. 

In single Higgs,                       → small μ-term around TeV 

In multi Higgses, split mechanism: 

Summary

µeff øµ2 < ...
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Chiral matters, their families, … 
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Flux can give an effectively small μ-term. 
It would be a possibility to solve so-called μ-problem.

Thank you!

Imø=O (10)
<latexit sha1_base64="FKAVISeg8tP+Qzu9Spk5rOfZF/g="></latexit><latexit sha1_base64="FKAVISeg8tP+Qzu9Spk5rOfZF/g="></latexit><latexit sha1_base64="FKAVISeg8tP+Qzu9Spk5rOfZF/g="></latexit><latexit sha1_base64="FKAVISeg8tP+Qzu9Spk5rOfZF/g="></latexit>



Backup



We seem to be ready. Why brane-localized masses?

Why brane-localized masses?

A way to treat mass terms localized at fixed points 

Regularization of fixed points? 

Relation b/w # of modes, especially, zero-modes? 

Making unwanted modes sufficiently heavy 

Applications of mass terms to phenomenology

formal interests

pheno. interests



Here, we immediately confirm the corresponding relations
for the mass eigenvalues,

Δϕj
T2 =Z2 ;n

ðzÞ ¼ m2
nϕ

j
T2 =Z2 ;n

ðzÞ; ð26Þ

m2
n ¼

2πM
A

ð2 nþ 1 Þ: ð27Þ

The multiplicity of the wave functions is also the same as
that of the spinor.

III. BRANE-LOCALIZED MASSES ON A
MAGNETIZED ORBIFOLD

BACKGROUND

Before introducing brane-localized masses in magnet-
ized extra dimensions, let us explain fixed points on
toroidal orbifolds. As explained already, toroidal orbifolds
T2 =ZN for N ¼ 2 , 3, 4, 6 are obtained by an identification
of two-dimensional extra dimensions under the toroidal
periodicities and the ZN rotation,

z ∼ zþ 1 ∼ zþ τ ∼ e2πi=Nz; ð28 Þ

where we keep the complex structure parameter in the
general form. An important factor in extra-dimensional
model constructions is the presence of orbifold fixed
points zfixed. For T2 =Z2 , there exist four fixed points
zfixed ¼ 0 ; 1 =2 ; τ=2 ; ð1 þ τÞ=2 , as shown in Fig. 1. For
the other orbifolds, the fixed points are located at zfixed ¼
0 ; ð2 þ τÞ=3 ; ð1 þ 2 τÞ=3 for T2 =Z3 , zfixed ¼ 0 ; ð1 þ τÞ=2
for T2 =Z4 , and zfixed ¼ 0 for T2 =Z6 , respectively. Except
for T2 =Z2 , the complex structure parameter should be
discretized as τ ¼ e2πi=N due to consistency conditions
of crystallography [26]. For later convenience, the fixed
points of T2 =Z2 are labeled as

z1 ¼ 0 ; z2 ¼
1

2
; z3 ¼

i
2
; z4 ¼

1 þ i
2

: ð29Þ

We recall that all of the actual calculations are done with the
simple choice of τ ¼ i.

A. Scalar

We introduce a brane-localized mass at a fixed point
corresponding to the origin of two extra directions, i.e.,
z ¼ z1 ð¼ 0 Þ. The Lagrangian for the complex 6D scalar
field under consideration is given as

L ¼ −jDMΦðxμ; zÞj2 − hjΦðxμ; zÞj2 δ2 ðz − z1 Þ: ð30Þ

Here, the real dimensionless variable h denotes the scalar
mass localized at the fixed point, where the mass scale is
provided by the radius R. Also, this Lagrangian straight-
forwardly provides the six-dimensional equation of motion,

DMDMΦ − hΦδ2 ðz − z1 Þ ¼ 0 : ð31Þ

By substituting the KK-expanded scalar (6) for Eq. (30),
the effective Lagrangian after dimensional reduction is
calculated as

Leff ¼−
X

n;j

ð∂μφ
j
nÞ†ð∂μφj

nÞ

−
X

n;n0

X

j;j0
ðφj

nÞ†
!Z

d2 zðDϕj
T2 =Z2 ;n

ðzÞÞ†ðDϕj0

T2 =Z2 ;n0
ðzÞÞ

þhðϕj
T2 =Z2 ;n

ðz1 ÞÞ†ϕ
j0

T2 =Z2 ;n0
ðz1 Þ

"
φj0

n0

≡Lkin−
X

n;n0

X

j;j0
ðφj

nÞ†M2
ðn;jÞ;ðn0;j0Þφ

j0

n0 ; ð32Þ

where Lkin represents the kinetic terms of KK scalar
particles, which are canonically normalized. The explicit
form of the KK mass matrix after the perturbation is
given as

M2
ðn;jÞ;ðn0;j0Þ ¼

2πM
A

ð2 nþ 1 Þδn;n0δj;j0

þ hðϕj
T2 =Z2 ;n

ðz1 ÞÞ†ðϕj0

T2 =Z2 ;n0
ðz1 ÞÞ

¼ m2
0 ð2 nþ 1 Þδn;n0δj;j0 þ 2 hðvn;jÞ†vn0;j0 ; ð33Þ

withm2
0 ¼ 2πM=A, where we adopt the shorthand notation

vn;j ≡ 1 ffiffiffi
2

p ϕj
T2 =Z2 ;n

ðz1 Þ ¼ ϕj
nðz1 Þ

¼
N jffiffiffiffiffiffiffiffiffi
2 nn!

p
X

l∈Z
e−πMð jMþlÞ2Hn

! ffiffiffiffiffiffiffiffiffiffi
2πM

p !
j
M

þ l
""

:

ð34Þ

Here, we mention the sign of the parameter h. When h is
positive/negative, no/possible tachyonic modes appear in
the spectrum.

FIG. 1. The fundamental region of the orbifold T2 =Z2 and the
four fixed points on it.
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After dimensional reduction,

(Meff){n, j },{n0, j 0} = m2
n±n,n0± j , j 0 +h (¡ j (zi ))§¡ j 0 (zi )
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Introducing a mass term localized at a fixed point zi. 

6D scalar Lagrangian:

Localized mass: 6D scalar

diagonal: 
KK masses

off diagonal: 
give by h & w.f.’s

z3 = ø
2 , z4 = 1+ø

2
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z1 = 0, z2 = 1
2
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L =°|DM©(x, z)|2 °h|©(x, z)|2±2(z ° zi )
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                      ©(x, z) =
X

n
'n(x)≠¡n(z)
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4D kin.

KK masses

localized mass



Focus on 3-by-3 KK matrix = two lowest modes & a 1st KK

Let’s look at the simplest case

ψ00(z), ψ01(z) ψ1(z)

λ1 = m02,     λ2 = m02,     λ3 = m12

… gives eigen values approximately:
(Here, for η=1)

ψn
j ← degeneracy

← KK level

|v1|2

|v2|2

(v1)*v2

|v3|2

(v1)*v3

(v2)*v3(v2)*v1

(v3)*v1 (v3)*v2
( (+ h

(v1,v2,v3) = (ψ00, ψ00, ψ1) |z=0

m02

m02

m12( (MKKeff  ~

ψ00(z) ψ01(z) ψ1(z)

ψ00(z)

ψ01(z)

ψ1(z)

lowests

1st
vi ~ O(0.1)

λ’1 = m02,      λ’2 = m02(1+O(h)),     λ’3 = m12(1+O(h))

A n=0 mode is uplifted.



We have four fixed points on T2/Z2. 

For simplicity, focus on lowest modes:

Here, we immediately confirm the corresponding relations
for the mass eigenvalues,

Δϕj
T2 =Z2 ;n

ðzÞ ¼ m2
nϕ

j
T2 =Z2 ;n

ðzÞ; ð26Þ

m2
n ¼

2πM
A

ð2 nþ 1 Þ: ð27Þ

The multiplicity of the wave functions is also the same as
that of the spinor.

III. BRANE-LOCALIZED MASSES ON A
MAGNETIZED ORBIFOLD

BACKGROUND

Before introducing brane-localized masses in magnet-
ized extra dimensions, let us explain fixed points on
toroidal orbifolds. As explained already, toroidal orbifolds
T2 =ZN for N ¼ 2 , 3, 4, 6 are obtained by an identification
of two-dimensional extra dimensions under the toroidal
periodicities and the ZN rotation,

z ∼ zþ 1 ∼ zþ τ ∼ e2πi=Nz; ð28 Þ

where we keep the complex structure parameter in the
general form. An important factor in extra-dimensional
model constructions is the presence of orbifold fixed
points zfixed. For T2 =Z2 , there exist four fixed points
zfixed ¼ 0 ; 1 =2 ; τ=2 ; ð1 þ τÞ=2 , as shown in Fig. 1. For
the other orbifolds, the fixed points are located at zfixed ¼
0 ; ð2 þ τÞ=3 ; ð1 þ 2 τÞ=3 for T2 =Z3 , zfixed ¼ 0 ; ð1 þ τÞ=2
for T2 =Z4 , and zfixed ¼ 0 for T2 =Z6 , respectively. Except
for T2 =Z2 , the complex structure parameter should be
discretized as τ ¼ e2πi=N due to consistency conditions
of crystallography [26]. For later convenience, the fixed
points of T2 =Z2 are labeled as

z1 ¼ 0 ; z2 ¼
1

2
; z3 ¼

i
2
; z4 ¼

1 þ i
2

: ð29Þ

We recall that all of the actual calculations are done with the
simple choice of τ ¼ i.

A. Scalar

We introduce a brane-localized mass at a fixed point
corresponding to the origin of two extra directions, i.e.,
z ¼ z1 ð¼ 0 Þ. The Lagrangian for the complex 6D scalar
field under consideration is given as

L ¼ −jDMΦðxμ; zÞj2 − hjΦðxμ; zÞj2 δ2 ðz − z1 Þ: ð30Þ

Here, the real dimensionless variable h denotes the scalar
mass localized at the fixed point, where the mass scale is
provided by the radius R. Also, this Lagrangian straight-
forwardly provides the six-dimensional equation of motion,

DMDMΦ − hΦδ2 ðz − z1 Þ ¼ 0 : ð31Þ

By substituting the KK-expanded scalar (6) for Eq. (30),
the effective Lagrangian after dimensional reduction is
calculated as

Leff ¼−
X

n;j

ð∂μφ
j
nÞ†ð∂μφj

nÞ

−
X

n;n0

X

j;j0
ðφj

nÞ†
!Z

d2 zðDϕj
T2 =Z2 ;n

ðzÞÞ†ðDϕj0

T2 =Z2 ;n0
ðzÞÞ

þhðϕj
T2 =Z2 ;n

ðz1 ÞÞ†ϕ
j0

T2 =Z2 ;n0
ðz1 Þ

"
φj0

n0

≡Lkin−
X

n;n0

X

j;j0
ðφj

nÞ†M2
ðn;jÞ;ðn0;j0Þφ

j0

n0 ; ð32Þ

where Lkin represents the kinetic terms of KK scalar
particles, which are canonically normalized. The explicit
form of the KK mass matrix after the perturbation is
given as

M2
ðn;jÞ;ðn0;j0Þ ¼

2πM
A

ð2 nþ 1 Þδn;n0δj;j0

þ hðϕj
T2 =Z2 ;n

ðz1 ÞÞ†ðϕj0

T2 =Z2 ;n0
ðz1 ÞÞ

¼ m2
0 ð2 nþ 1 Þδn;n0δj;j0 þ 2 hðvn;jÞ†vn0;j0 ; ð33Þ

withm2
0 ¼ 2πM=A, where we adopt the shorthand notation

vn;j ≡ 1 ffiffiffi
2

p ϕj
T2 =Z2 ;n

ðz1 Þ ¼ ϕj
nðz1 Þ

¼
N jffiffiffiffiffiffiffiffiffi
2 nn!

p
X

l∈Z
e−πMð jMþlÞ2Hn

! ffiffiffiffiffiffiffiffiffiffi
2πM

p !
j
M

þ l
""

:

ð34Þ

Here, we mention the sign of the parameter h. When h is
positive/negative, no/possible tachyonic modes appear in
the spectrum.

FIG. 1. The fundamental region of the orbifold T2 =Z2 and the
four fixed points on it.
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Generic analysis w/ multi-masses

MKKeff  ~
m02

m02( (…..
m02

degenerate

+ h1 (v1)* v1 + h2 (v2)* v2 + …

rank 4 at most

We can uplift four light exotics at most in eff. theory.

m02

{m02

m02

m02

m02

{m02

m02

m02(1+O(hi))

mass
m02

{m02

m02(1+O(hi))
m02(1+O(hi)) …

mass mass



ψ00(z): m02 ψ01(z): m02 ψ1(z): m12

Localization profiles of modes uplifted by a localized mass 

Lowest modes:

Localization of modes

light: localization   dark: delocalization

ψ’00(z): m02 ψ’01(z): m02(1+O(h)) ψ’1(z): m12(1+O(h))

Modes unaffected by localized mass  
are away from the fixed points.


